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Abstract 

This paper is devoted to the analysis of the large-time behavior of solutions of 
one-dimensional Fisher-KPP reaction-diffusion equations. The initial conditions are 
assumed to be globally front-like and to decay at infinity towards the unstable steady 
state more slowly than any exponentially decaying function. We prove that all level 
sets of the solutions move infinitely fast as time goes to infinity. The locations of the 
level sets are expressed in terms of the decay of the initial condition. Furthermore, 
the spatial profiles of the solutions become asymptotically uniformly flat at large 
time. This paper contains the first systematic study of the large-time behavior of 
solutions of KPP equations with slowly decaying initial conditions. Our results are in 
sharp contrast with the well-studied case of exponentially bounded initial conditions. 

Keywords: reaction-difFusion equations, initial data, slow decay, accelerating fronts. 



1 Introduction 

In this paper, we study the large-time behavior of the solutions of the Cauchy problem for 
react ion- diffusion equations 

ut = Uxx + f{u), t>0, xeR, ^^^^ 
u{0,x) = Uq{x), xGM 

*The authors are supported by the French "Agence Nationale de la Recherche" within the projects 
ColonSGS, PREFERED, and URTICLIM (second author). The first author is also indebted to the Alexan- 
der von Humboldt Foundation for its support. 
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with Fisher-KPP nonlinearities / and with slowly decaying initial conditions Mq- The 
functions / are assumed to have two zeroes: the one is unstable and the other one is stable. 
We prove that, provided that Uo{x) decays sufficiently slowly to the unstable steady state 
as X ^ +00, then the central part of the solution u moves to the right with infinite speed 
at large time, in a sense to be described below. Furthermore, the initial condition mq can be 
chosen so that the location of the solution u be asymptotically larger than any prescribed 
real- valued function. 

Many papers have been concerned with the large-time behavior of the solutions of 
equation (11. ip or more general reaction-diffusion equations with exponentially decaying 
initial conditions, leading to finite propagation speeds. The results of this paper shed 
a new light on this problem and they are all the more important as they are already 
valid for the simplest reaction-diffusion model, that is problem (11.11) in a one-dimensional 
homogeneous medium. Similar results would hold for more general equations, but we 
choose to restrict the analysis to the one-dimensional case for the sake of simplicity of the 
presentation. 

Let us now make the assumptions more precise. The unknown quantity u typically 
stands for a density and ranges in the interval [0, 1]. The given function / : [0, 1] ^ M is 
of class and it is assumed to be of the Fisher-KPP type [TSl ES], that is 

/(O) = /(I) = 0, < f{s) < /'(O) s for all s e (0, 1). (1.2) 

The last property means that the growth rate f{s)/s is maximal at s = 0. Furthermore, 
throughout the paper, we assume that there exist 5 > 0, sq G (0, 1) and M > such that 

f{s) > f'{0)s-Ms^+^ for all s G [0,So]. 

A particular class of such functions / is that of C^'^{[0, 1]) concave functions /, which are 
positive in (0, 1) and vanish at and 1. 

The initial condition mq : M — [0, 1] is assumed to be uniformly continuous and asymp- 
totically front-like, that is 

Mo > in M, liminf Mo(a;) > and lim uo{x) = 0. (1.3) 

x—*—oo X— >+oo 

However, it is worth noticing that uq is not assumed to be nonincreasing. The maximum 
principle implies immediately that 

< u(t, a;) < 1 for alH > and a; G M. 

Furthermore, the function uq is assumed to decay more slowly than any exponentially 
decaying function as a; — *• +00, in the sense that 

V£ > 0, 3 G M, uoix) > e-'"" in [x^, +00), (1.4) 

or, equivalently, Uo{x) e^^ +00 as x ^ +00 for all e > 0. Condition (11.41) is fulfilled in 
particular if uq is of class C"'^(^o, +00) for some ^0 G M and if Uq{x) = o{uo{x)) as x ^ +00. 
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Before going further on, let us list at least four typical classes of initial conditions Uq 
satisfying fll.4p : 1) the functions which are logarithmically sublinear as x — > +00, that is 

Uq{x) ~ C e-"^/''^^ as X +00 (1.5) 

with a, C > 0; 2) the functions which are logarithmically power-like and sublinear as 
X +00, that is 

uo(x) ~ Ce"^""" as X +CX) (1.6) 

with a G (0, 1) and P, C > 0; 3) the functions which decay algebraically as x — +00, 
that is 

Uo{x) ~ C x~" as X +00 (1.7) 

with a, C > 0; 4) the functions which decay as a negative power of ln(x) as x — >• +00, 
that is 

Mo(x) ~ C (lnx)~" as X +00 (1.8) 

with a, C > 0. 

This type of assumption fll.4p is in contrast with the large literature on problem fll.lj) . 
where the initial conditions Uq are assumed to be exponentially bounded as x — > +00 and 
where the solutions u converge in some sense to some traveling fronts with finite speed as 
if: —* +00. It is indeed well-known that the equation Ut = Uxx + f{u) admits a family of 
traveling fronts u{t, x) = (pc{x — ct) for all speeds c > c* = 2^/J^lfi), where, for each speed 
c G [c*, +00), the function : M ^ (0, 1) satisfies 

ip'^ + ap', + f {if c) = OmR, (^,(-00) = 1, ipc{+oo) = 0. (1.9) 

Furthermore, the function ipc is decreasing in M and unique up to shifts. Now, for pro- 
blem (11. ip under the sole assumption (11. 3p . when -instead of (ll.4p - uo(x) is equivalent as 
X — > +00 to a multiple of e"""^ with < a < a* = a/ /'(O), then u{t,x) converges to a 
finite shift of the front (pc{x — ct) as t — +00, where 

^ /'(o) ^ * 

c = a -\ > c . 

a 

On the other hand, when mo(x) = 0(e~"*^) as x — +00, then u{t,x) behaves as t — >• +00 
like ipc*{x + m{t) —c*t), where the phase shift m{t) satisfies m{t) = 0{\nt) (the particular 
case when uq = on [0, +00) was first treated in the seminal paper of Kolmogorov, 
Petrovski and Piskunov [25j). In these two situations, the "location" of the solution u at 
large time moves at a finite speed, in the sense that, for any A G (0, 1) and any family of real 
numbers Xx(t) such that u{t,xx(t)) = A, then xx(t)/t converges as t — >• +00 to a positive 
constant. This constant asymptotic speed is equal to c = a -|- f'{0)/a in the first case, it 
is equal to c* in the second case. We refer toP[l0l|ia[20l[26l[271[32l[38llinifora much 
more complete picture and more detailed results concerned with exponentially bounded 
initial conditions uq (see also [16j for further estimates of possibly different propagation 
speeds when the initial condition uq is just assumed to be trapped as x — ^ +00 between 
two exponentially decaying functions with different exponents). 
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Most of these results also hold for more general reaction-diffusion equations with Fisher- 
KPP nonlinearities: the global stability of traveling fronts in infinite cylinders with shear 
flows has been shown in [50], the convergence to pulsating traveling fronts for reaction- 
diffusion-advection equations in periodic media has been established in [17]. Further es- 
timates about the finite spreading speeds associated with compactly supported or expo- 
nentially decaying initial conditions have been obtained in [1] for homogeneous equations 
in M^, in [2] for one-dimensional periodic equations, in P, [211 EHl E51 SIl SS] for higher- 
dimensional equations set in periodic media, or in [12] for equations with more general 
advection. We also mention that various definitions and estimates of the spreading speeds 
have been given in time almost and space periodic media [T9| and in general domains [H [7] . 
Much work in the mathematical literature has also been devoted to these propagation is- 
sues for other types of nonlinearities, like for more general positive non-KPP nonlinearities 
[U [131 [T71 EZHm US] (in the specific case /(s) = s™(l — s) with m > 1, the situation is quite 
different from the KPP case since traveling fronts with non-minimal speeds have algebraic 
decay at +cxd and algebraically decaying initial condition may travel with finite or infi- 
nite speeds, according to the decay rate, see [231 [311 [39] ) , combustion- type nonhnearities 
[Hl[ISl[2Il[221[S31[Sni[SZl[ll|or bistable type nonlinearities [H [2S1 [SD [SZl [121 E] • 

Let us now come back to our problem fll.ll) with a Fisher-KPP nonlinearity / satis- 
fying (11. 2p and an initial condition uq decaying slowly to at +oo in the sense of (11. 3p 
and (11.41) . Apart from some estimates on time-exponentially accelerating solutions when 
f{s) = s{l — s) and when the initial condition uo converges algebraically to and 1 at ±oo 
(see Theorem 2 in [26], see also [34] for similar problems set in the half-line [0, +oo) with 
nonincreasing algebraically decaying uq), the important issues of the "location" and of the 
shape of the profile of u at large time for general KPP functions / and under the general 
assumptions (11.31) and (11.41) . without any monotonicity or algebraic decay assumption at 
initial time, have not yet been dealt with, despite of their relevance and simplicity. We 
shall see that completely different and new propagation phenomena occur: firstly, the level 
sets of any given value A G (0, 1) (namely, the time-dependent sets of real numbers x such 
that u{t, x) = A) travel infinitely fast as t — >■ +oo, are quantitatively estimated in terms 
of the behavior of uq at +oo and can be chosen as large as wanted, and, secondly, the 
solution u becomes uniformly fiat as t +oo. 

Our first main result is thus concerned with the large-time behavior of the level sets of 
the solution u, under assumptions (11.31) and (II. 4p . Before stating the theorem, we need to 
introduce a few notations. For any A G (0, 1) and t > 0, denote by 

Exit) = {x eR, u{t,x) = A} 

the level set of u of value A at time t. For any subset A C (0, 1], we set 

Uq^{A} = {x G M, Uo{x) G A} 

the inverse image of A by Uq. 

Theorem 1.1 Let u he the solution of (li.ip . where f satisfies (I j . ^ and the initial condi- 
tion Uq : M. ^ [0, 1] satisfies (I i . 5j) and i \l-4h 
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a) Then 



lim u(t, x) = for all t > 0, and lim inf u{t, x) 1 as t +oo. 

X— > + oo X— > — oo 

h) For any given A G (0, 1), there is a real number t\ > such that Ex(t) is compact 
and non-empty for all t > tx, and 

min Exit) 

lim ^ = +00. (1.10) 

f^+oo t 

c) Assume that there exists C,o ^ ^ such that uq is of class and nonincreasing on 

[^05+oo), and Uq{x) = o{uo{x)) as x ^ +oo0 Then, for any X E (0,1), e E (0, /'(O)), 
7 > and F > 0, there exists Tx.e^-y^r > such that 

Vt > r,,,,,,r, Exit) C «o^{[7e-(^'(°)+^)*,re-(^'W-)*]}. (1.11) 

Part b) of Theorem 11.11 simply says that the level sets Exit) of all level values A E (0, 1) 
move infinitely fast as t — > +cxd, in the average sense (11. 101) . As already announced above, 
this property is in big contrast with the finiteness of the propagation speeds of solutions 
which are exponentially bounded as x — > +oo at initial time. Moreover, Theorem 11.11 
actually yields the following corollary, which states that the level sets Exit) can be located 
as far to the right as wanted, provided that the initial condition is well chosen. 

Corollary 1.2 Under the assumptions and notations of Theorem \l.l\ the following holds: 
given any function ^ : [0, +oo) M which is locally bounded, there are initial conditions Uq 
such that, for any given A E (0, 1), 

min Exit) > ^(t) for allt large enough. 

Let us now comment on the quantitative estimates given in part c) of Theorem II. 1[ 
Observe first that the real numbers 7 e"'--^''-'^^^^-'* and F e~*^-^'^°''~^-'* belong to (0,supigMo) for 
large t, giving a meaning to (11.111) . Now, if there is a G M such that Uq is strictly decreasing 
on [a, +00), then the inclusions (11.111) mean that 

«o'(re-(^'(°)-")*) < min Exit) < max Exit) < ' (7 e-(^'(°)+")*) . (1.12) 

for large t, where, here, Uq^ : (0, Mo(a)] — > [a, +00) denotes the reciprocal of the restriction 
of the function uq on the interval [a, +00). Furthermore, if uq is nonincreasing over the 

^Notice that when uq satisfies (ll.Sp and Uq{x) = o{uo{x)) as x — > +cxd, then the property Uq{x) = 
o{uo{x)) is automatically fulfilled, whence (|1.4p holds. Indeed, the function g = Uq/uq satisfies g' = 
Uq/uq — g^ in [^o,+oo). Now, if there exist e > and an increasing sequence (j/„)neN in [^o,+oo) such 
that lim„^+oo yri = +00 and \g{yn)\ > £ for all n, then there exists N gN such that Uq/uq < £^/2 on 
[j/ATj+oo) and g'{yn) < — for all n > N. Up to extraction of a subsequence, two cases may occur: 
either giun) < — e for all n, or giun) > e for all n. In the first case, g is decreasing on [?/7v,+oo) and 
g' < on [j/at, +00), whence g{+oo) = g'{+oo) = —00. Therefore, g'{x) < —g{x)^/2 for large x and a 

contradiction follows by integrating this inequality. In the second case, then, for all n > N, g' < — g^ 
on [un, Un] and g is decreasing and g > £ on this interval. A contradiction follows by integrating between 
2/7V and y„ and passing to the limit as n — * +00. 
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whole real line M, then the derivative Ux{t,x) is negative for all t > and x G M, from 
the strong parabolic maximum principle. Therefore, Ex{t) is either empty or a singleton 
as soon as t > 0. In particular, Exit) =: {xx(t)} for all t > tx, and the maps t i-^ xx(t) 
are of class C^{tx, +00) from the implicit function theorem. The inequalities fll.l2p then 
provide lower and upper bounds of xx{t) for large t. However, it is worth pointing out 
that Theorem 11.11 is valid for general initial conditions which decay slowly to at +00 but 
which may not be globally nonincreasing. 

Notice that, given any two values A and A' in (0,1), assertion fll.lll) implies that 
the level sets Ex{t) and Ex'{t) are both included in the same family of moving sets 

"^0 ^ I [7 e"^-^'*'*'-*"^^-'*, r e~^'^'*^°^~^^*] I for t large enough. Although the dependence on A and A' 

is not explicit, the estimates f ll.lll) are still sufficient to derive explicit large-time asymp- 
totic equivalents (or logarithmic-type asymptotic equivalents) of the positions of all level 
sets Ex{t) for the main aforementioned examples (see the end of this section). 

Remark 1.3 The estimate (11.101) and the "lower bound" of min Ex{t) in (II. lip , that is 

EA(t)CWoi{(0,re-(^'(°)-^)*]} (1.13) 

for t large enough hold under weaker assumptions on /: namely, for (11.101) and fll.l3p to 
hold, / can simply be assumed to vanish at and 1, to be positive on (0, 1) and to have 
a positive derivative /'(O) > at 0. We refer to the proof of Theorem II. II in Section [3] for 
the details. Similarly, Corollary 11.21 and the lower bound in (11.120 if uq is decreasing in 
[a, +00) also hold under these weaker assumptions. 

Next, let us give a further interpretation of Theorem 1 1 . 1 1 and an insight about the main 
underlying ideas of the proofs. Let A G (0, 1) and let t 1— >• xx(t) be any map such that 
xx(t) G Exit) for large t, that is uit,xxit)) = A. Formula (II. lip with 7 = F = A can be 
rewritten as 

uoixxit)) e(^'(°)-")* < A < uoixxit)) e(^'(°)+^)* (1.14) 

for t large enough. Roughly speaking, this means that the real numbers xxit) are then 
asymptotically given, in the above approximate sense, by the solution of the family of 
decoupled ODE's 

= f'iO)Uit;x), , , 

f/(0;x) = uoix), 

parameterized by x G M, and then, say, by solving f/(t;xA(t)) = A. In other words, the 
behavior of M(t, x) at large time is dominated by the reaction term, that is to say that the 
diffusion term plays in some sense a negligible role as compared to the growth by reaction. 
Our method of proof in Section [3] is based on the rigorous formulation of these observations. 

Actually, (ll.lSp is a good approximation of (II. lip and (11.140 up to the ±e terms in 
the exponents of the exponential factors. It turns out that, under additional assumptions, 
the ±e terms can be dropped and more precise estimates than (11.110 can be established, 
as the following theorem shows: 
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Theorem 1.4 Let the general assumptions of Theorem be fulfilled. If, on the one 
hand, one assumes moreover that Uq is convex for large x, or that u'q{x) = 0{uo{xy^^) as 
X +00 for some f] > 0, then, for all A G (0, 1), there exist > and a time > tx 
such that 

Vt>T„ E,(t)c«oi{(0,r,e-^'W*]}, 

where the positive real numbers Tx can be chosen independently of A when X > is small. 
On the other hand, if there exist fj, > and P > u > such that 

f{s) < f{0)s - /i for all s e [0, 1] J 

and Uq{x) = 0{uQ{xy^^) as x +00, then there exists a constant c > such that, for all 
A G (0, 1), there exists a time Tx > tx such that 

Wt>Tx, Ex{t)cu^'{[cXe-f'^'^\l]]. (1.16) 

Our last result provides additional information on the global aspect of the graph of the 
functions u(t,-) at large time, under some appropriate assumptions. 

Theorem 1.5 Assume that f satisfies fl 1 . ^ and f'{s) < f{s)/s for all s G (0, 1]. Assume 
that uq-.R^ [0, 1] satisfies ([TD and ([T^, and that u'Juq G L^iR) n ^^'^(R) for some 



p G (1, +00) and 6 G (0, 1). Then the solution u of ( 1 1 . ip is such that 

\\ux{t, ^0 ast~^ +00. (1.17) 

In other words, the solution u becomes uniformly flat at large time, in the sense that 
there are no regions on which the solution has spatial gradients Ux which are bounded 
away from as t — > +00. The extra-assumption on / means that the growth rate f{s) /s is 
nonincreasing with respect to s (this is the case for instance if / is concave). K. Uchiyama 
proved in [ID] (see Theorem 8.5 in |30]) that M(t, x + max£'i/2(t)) 1/2 locally uniformly 
in a; as t ^ +00 (the value 1/2 could clearly be replaced by any real number < A < 1). 
Standard parabolic estimates then imply that Ux{t,x + ma.xEx{t)) —>■ locally uniformly 
in X as t — > +00. Formula fll.171) yields more results since it implies that the convergence 
of Ux to as t —>■ +00 takes place not only around the position ma.xEx{t), but also around 
any point of Ex{t) and uniformly both with respect to all these points and with respect 
to all values A G (0, 1). Notice that since uq is not assumed to be nonincreasing, the 
sets Exit) may then not reduce to singletons and the quantities max Exit) — min Ex{t) 
may not be bounded, all the more as the profile u{t, ■) does become fiater and fiater as 
t +00. However, we use in Theorem 1 1.5 1 an additional smoothness assumption on uq and 
an integrability condition, that is u'q/uq G L^(M) for some p G (1, +00) This assumption 



^Notice that this condition is satisfied with = 1 for instance if / is of class C^([0, 1]) and strictly 
concave, that is /"(s) < for all s G [0, 1]. 

•^With (|1.3p . the assumption u'q/uq S LP(M.) is not so restrictive since it means that u'q G 00, 0) 
and Uq/uq G LP(0,+C!o) (this last condition is satisfied for instance for all four examples (jl.Sm.Sp listed 
above). Since u'q/uq is continuous and converges to at ±cxd, it then follows that Uq/mq G L''(R) for all 
q G [p,+oo]. 
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actually allows us to prove more than (11.171) . since we show in Section [3] that 



it, 
u 



^0 ast->+oo. (1.18) 

L°°(R) 



This property yields large-time exponential estimates which are uniform with respect to 
any origin y: for all e > 0, there exists a time > such that, for all t > and for all 

y < X eR, 

u{t,x) > u{t,y) e-"(^-^). 

Remark 1.6 Assume here that uq is nonincreasing and set, for each t > 0, p^{t) = 
and p^{t) = u{t, —oo) (which exists since u{t,-) : M [0,1] is nonincreasing). At each 
time t, the function u{t,-) connects p~it) to p^it) in the sense that u{t, ±oo) = p^(t). 
However, an important consequence of Theorem 11.51 is that, under the assumptions of this 
theorem, the solution u is not a generalized transition wave between p~ and p+ in the sense 
of [SI II]- Namely, it follows from (11.171) that there is no real- valued map t x{t) such 
that u{t,x) — p^{t) — > as X — x{t) ±oo, uniformly with respect to t > 0. Indeed, if 
there were such real numbers x{t), then u would have a "width" which should be bounded 
uniformly with respect to t. But this is ruled out from (11.170 and part a) of Theorem I l.li 

To complete this section, let us now apply the estimates of Theorem 11.11 to the four 
main examples given in (ll.5til.8p . If uq satisfies (11.31) and 



Mo 



(x) ~ Ce"""/'"" asx-*+oo 



with a, C > 0, and if Uq{x) = o{uo{x)) as x — > +oo (this condition is fulfilled if uo{x) = 
C er'^^l^^^ for large x), then it follows from (II. lip that the positions of the level sets E\{i) 
of any level value A G (0, 1) satisfy 

vi\Ya.E\(t) ~ max£'A(^) ~ f'^)ci^^t Int as t ^ +cxd. 

Notice that the equivalent of the min and max of E\{f) does not depend on A. However, 
under the assumptions of Theorem 11.51 and if one assumes that mq is nonincreasing, there 
holds limt^+oo — XA'(t)| = +cxd for any A 7^ A' G (0, 1), where, in this case, -Ea(^) = 

{xA(t)} and Ey{t) = {xA'(t)} for large t. 
Now, if Uq satisfies (11.30 and 

Mo(x) ~ C e~^^" as X +00 

with a G (0, 1) and P, C > 0, and if Uq{x) = o(mo(x)) as x — +00 (this condition is 
fulfilled if uo{x) = C e~^^" for large x), then it follows from (II. lip that the positions of the 
level sets Ex{t) of any level value A G (0, 1) are asymptotically algebraic and superlinear 
as t — > +CX), in the sense that 

mm Exit) ~ max Exit) ~ /'(O)^/" /^-^Z" t^/" as t +00. 

If Uq satisfies (II. 3p and 

Mo(x) ~ C x~" as X — > +00 (1-19) 
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with a, C > 0, and if Uq{x) = o{uo{x)) as x +00 (this condition is fulfilled if Uo{x) = 
C x~^ for large x), then it follows from fll.lip that the positions of the level sets Ex{t) of 
any level value A G (0, 1) move exponentially fast as t ^ +00: 

ln(minEA(t)) ~ ln(maxEA(t)) ~ /'(O) as t +00. (1.20) 

We mention that X. Cabre and J.-M. Roquejoffre [H] just established similar estimates 
for the level sets of the solutions u of equations of the type Ut = Au + f{u), where / 
is concave, uq is compactly supported or monotone one-sided compactly supported, and 
the operator A is the generator of a Feller semi-group (a typical example is the fractional 
Laplacian A = (—A)'' with < p < 1). In this case, the asymptotic exponential spreading 
of the level sets follows from the algebraic decay of the kernels associated to the operators A. 
For problem fll.ip and (11.191) . if Uq and / satisfy the additional conditions of Theorem 11.41 
that is if /(s) < /'(0)s — fis^^" in [0, 1] and Uq{x) = O^uq^xY'^'^) as a; — > +oc for some 
^ > and /3 > > 00 then Theorem 11.41 says that one can be more precise than (11.201) . 
in the sense that, for every A G (0, 1), 

C<^e/'(o)a-it < ininEA(t) < max Exit) < C^e^'^")""'* 

for some constants < Cx < C'^ and for t large enough. 
Lastly, if uq satisfies (II. 3p and 

uo{x) ~ C (lnx)~" as X +00 

with a, C > 0, and if Uq{x) = o{uo{x)) as x ^ +00 (this condition is fulfilled if ^0(3;) = 
C (lnx)~° for large x), then it follows from (11.110 that the positions of the level sets Ex{t) 
of any level value A G (0, 1) move doubly-exponentially fast as t +00: 

ln(ln(min £'a(^))) ~ ln(ln(max Exit))) ~ /'(O) t ast^ +00. 

Obviously, it is immediate to see that these examples can be generalized. For in- 
stance, min Ex{t) and max Ex{t) move m-exponentially fast with m > 2, that is 
\n°^"^\mm Exit)) and \n°^™'\max Exit)) behave linearly in t as t ^ +00 if uq behaves 
like a negative power of ln°^'^~^\x) as a; — > +00, where In"*-^-* = In and In"'-'^^ = In o ln°*-'^~"'^^ 
for k > 2. More precise estimates also hold under the assumptions of Theorem 11.41 

Outline of the paper. The remaining part of the article is organized as follows: Section [2] 
is devoted to the proof of the large-time asymptotics of the positions of the level sets 
Exit) of u, that is Theorem ll.H Corollary 11.21 and Theorem II. 4[ In Section [3l we prove 
Theorem II. 5[ that is the solutions u become uniformly fiat at large times. 

2 Motion of the level sets 

This section is concerned with the proof of Theorem 1 1 . 1 1 and its consequences: Corollary 1 1.21 
and Theorem 11.41 Parts a) and b) of Theorem 11.11 follow from elementary comparisons with 

"'This is the case with /3 = ly = 1 and < a < 2 if / is and strictly concave on [0, 1] and if 
uq{x) = C x~°' for large x. 
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traveling fronts. Part c) is more involved and is based on the comparison of the solution u 
with the solutions of systems of ODEs which approximate fll.lSp and which are sub- and 
supersolutions for the original problem fll.ip . The proof of Theorem 11.41 is based on more 
involved estimates and refinments of the comparison functions which are used in the proof 
of part c) of Theorem II. 1[ One can then drop the ±e terms in (II. lip . 

Proof of Theorem 11.11 Parts a) and b) follow immediately from the classical results on 
the stability of traveling fronts with finite speed. We sketch here the main ideas for the 
sake of completeness. First, for any sequence {xn)nGN such that lim^^+ooa^n = +00, the 
functions Un(t, x) = u(t,x + Xn) converge locally uniformly in [0, +00) x M, up to extraction 
of a subsequence, to a classical solution Uoo of fll.ip with initial condition ^00(0, ■) = 0. 
Therefore, Uoo = in [0, +00) x M. The uniqueness of the limit implies that u{t, x) —>■ as 
X +00 for each t > 0. 

Now, from (11. 3p and (11. 4p . for each c > 2a/ /'(O), there exist a uniformly continuous 
decreasing function f : M — [0, 1] and A G M such that < f < Uo in M and vo{x) = e~°'''^ 
for all X > A, where Oc = (c— \/ (? — 4/'(0))/2 > 0. Denote by v the solution of the Cauchy 
problem (11.11) with initial condition vq. It is well-known (see Section [T]) that 

||f (t, ■) - V2c(- - ct + OIU°=(iR) as t ^ +CX) 

for some ,^ G M, where (y9c solves (II. 9p . But the maximum principle yields vit^x) < 
u{t, x) (< 1) for alH > and a; G M. Therefore, 

liminf n(t, a;) ^ 1 as t ^ +00. 

X—r — CX) 

It then follows, that for any A G (0, 1), there exists a time tx > such that 

lim inf u{t, x) > X > = u{t, +00) 
x— >— 00 

for all t > tx- Since all functions x t— > u{t,x) are continuous, one concludes that Ex{t) is a 
non-empty compact set for all t > tx- Furthermore, since c can be chosen arbitrarily large, 
one concludes that mm Exit) /t ^ +00 as t +00- 

Remark 2.1 The conclusions of parts a) and b) still hold when, instead of (II. 2p . the 
function / is only assumed to vanish at and 1, to be positive on (0, 1) and to have a 
positive derivative /'(O) > at 0. Indeed, as far as the lower estimates are concerned, it 
is sufficient to replace / by any function / : [0, 1] ^ M satisfying (11.21) and such that 
7</m [0,1]. 

Let us now turn to the proof of part c) of Theorem 11.11 We begin with the upper 
bounds of maxEx{t) for large t- We here fix A G (0, 1), e > and 7 > 0. We shall prove 
that 

E.(t)c^o^{[7e-(^'(°)+^)M]} (2.1) 
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for t large enough. To do so, first choose G [^o? +00) so that |Mo(a;)| < {e/2)uo{x) for 
all X > ^1 (remember that Uq is of class on [^oi +c>o) and that Uq{x) = o{uo{x)) as 
X -> +00). Set p = /'(O) + e/2 and, for all {t,x) G [0, +00) x [^1, +00), 

uit,x)=rmn(^^^^^^,l). (2.2) 

Observe that uq{x) < m(0, x) for all x G [,^i,+oo), and that u{t,S,i) < 1 = u{t,^i) for all 
t G [0, +00). Let us now check that m is a supersolution of the equation satisfied by m, in 
the set [0, +00) x [^i,+oo). Since u <1 and /(I) = 0, it is sufficient to check it when 
M < 1. If (t,x) G [0, +00) X [^1, +00) and u{t,x) < 1, then it follows from (11. 2p that 

ut{t,x) -u^^{t,x) - fiu{t,x)) > X (p'Uo(x) - 'Uo(x) - f'{0)uo{x))eP^ 

= (i«o(x)-«[;(x))e''* 
?io(6) ^2 / 

> 

due to the choice of ^1. The parabolic maximum principle then implies that 

V (t, x) G [0, +00) X [^1, +00), u{t, x) < u{t, x) < uo{^iy\o{x) e^*. (2.3) 
For all t > t\ (so that Ex{t) is not empty) and for all y G Ex{t), there holds 

(either y < ^i) or (y > and A = u{t, y) < uo{^iy\o{y) e^*) • (2.4) 

In all cases, one gets that 

yt > tx, G Exit), uoiy) > min (r/, A ^0(6) e"^*) , (2.5) 

where rj = inf(_oo,^i) '"o > 0. Since p = /'(O) + e/2, there exists then a time Tx,e,'y > 
such that 

Vt > Tx,e,„ yy G Exit), Uoiy) > ^ c'^f (2.6) 

which gives (12. ip . 

We now turn to the proof of the lower bounds of min Exit) for large t. We fix A G (0, 1), 
e G (0, /'(O)) and T > 0. We claim that 

EA(t)c«oi{(0,re-(/'W-^)*]} (2.7) 

for t large enough. Here, we do not need to assume (11.21) . but, instead, we simply assume 
that /(O) = /(I) = 0, /(s) > on (0, 1) and /'(O) > 0. However, we recall that there exist 
(5 > 0, So G (0, 1) and M > such that /(s) > /'(O) s - M s^+^ for all s G [0, Sq]. 

To do the proof of ( 12. 7p . let us first introduce a few notations. Choose p G M so that 

/'(0)-£<p</'(0) and p(l + 5)>/'(0). 
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Next, choose ^2 ^ [^O; +00) such that 

Vx > 6, \ul{x)\ < min (^/'(O) - p, ^ ^ {I + 5)^^^ ) ^^'^^ 

Then, define 

K = inf Uq > 0, Si = min(so, k) > and 5 = max ( s7^ , — r^r l> 0- (2-9) 

V P(l + '^) -/ (0)/ 

Let g be the function defined in IR+ by 

g{s) = s-Bs^+^. 

Observe that 

g{s) < for all s > Si and g{s) < Si for all s > 0. 
Lastly, denote by u the function defined by 

u{t,x) =max(^(uo(x)e''*),0) = max (uo(x) e^* - E uo(x)^+'' e''(^+^)*, O) (2.10) 

for all (t, x) e [0, +00) X M. 

Let us check that this function m is a subsolution for the Cauchy problem fll.ip . First, 
there holds u{0,x) < Uo{x) for all x G M. Since u >0 and /(O) = 0, it is then sufficient 
to check that m is a subsolution of the equation satisfied by u, in the region where u>0. 
Let {t,x) be any point in [0, +00) x M such that u{t,x) > 0. Since g < on [si,+oo), it 
follows that Uq{x) e''* < Si, whence Uo{x) < si and x > ^2 from fl2.9l) . Furthermore, 

< u{t, x) < uoix) < si < So < 1- (2.11) 

Thus, 

f{u{t,x)) > /'(O) {uo{x) - B uoixY"-^ eP^^+^^') - Mmo(x)^+'' e^(^+^)*. (2.12) 
It follows that 

Utit, - ^x{t, - /(^(^> a;)) 

< puo{x)eP^ - B p{l + 5) uo (x) e^(i+'^)* 

-u'^{x) e^* -B{l + 6) {u'^{x) uo{xY + 6 u'^ixf UoixY"^) 6^^^+^'^' 

-/'(O) {uoix) eP^ - B uo{xy+^ eP^^+^'^^) + Muo(x)i+^ e/'(i+^)* (2.13) 

< (puoix) - u'^ix) - /'(O) uo{x)) eP' 

+ {B[{f'{0)- p{l + S)) Uo{xY+^ -{I + S)u'^{x)uo{xY]+Muo{xy+^}eP^^+^^' 

< 

from (12. 8p and (12.91) . As a consequence, the maximum principle yields 

u{t, x) < u{t, x) for allt > and x eR. (2.14) 
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Fix now any real number uj small enough so that 

< < B-^IK 

This real number lo does not depend on A nor F, but it depends on e, as well as on mq 
and /. Remember that > is such that E^^if) is a non-empty compact set for all t > t^. 
Since Uq is continuous and satisfies fll.3p . there exists then a time > such that, for 
all t >t^, the closed set 

F^{t) = {yeR, uoiy) e"* = lu} 
is non-empty and satisfies F^(t) C [^2, +00). For all t > t^^, denote 

y^{t) = minF^(t). 

Since < lu < B^^^^ < Si < k = inf(„oo,C2) ^o? the function : [t^, +00) [^2, +00) 
is nondecreasing and left-continuous, that is yoj(t) = y^jit^) = ^'^'^s^t,s<tyijj{.s) for all 
t > t^. Furthermore, since Uq is nonincreasing on [^2, +00) (c [^05+00)), the function 
is discontinuous at all (and only all) points t >t^ for which there exist a < b E [^2, +00) 
such that Uq = oj e~P^ on [a, 6]; if [a, h] denotes the largest such interval, then a = yx{t) and 
b = y\{t^) = lims^t,s>tyuj{s). 

Now, let Q be the open set defined by 

n={{t,x)e (L, +00) X M, X < y^{t)}. 

We claim that inf^yw > 0. Observe first that dQ consists of two parts: the set {t^^} x 
(— 00, and the set of all points (t,x) for which t > ti_^ and x G [^^(t), ?/a;(i^)]- If 

t >tui and X G [?/a;(^), there holds Uq{x) e^* = u, whence 

u{t,x) > u - Bu^^^ = g{iu) > 

from (12.101) . (I2.14p and the choice of uj. On the other hand, at the time t^^, the function 
u(C, ■) is continuous, positive, and liminf2;_»_oo m(C, a^) > 0|3 Thus, 

inf u(t^, x) > 0. 

Eventually, there exists 6 G (0, 1) such that u > 6 on dQ. Since f{d) > 0, the parabolic 
maximum principle then implies that 

u{t,x) > 9 for all {t,x) G Tt. (2.15) 

Thus, if A G (0, 6) and if x G Ex{t) for t > max(tA, ^i^), then 

X > y^{t+) > y^{t) > 6 > ^0- 

^Indeed, there exist 77 > and ^ G M such that ug > Uq in R, where Ua = 1] on {—oo,£^ — 1], 
Uo{x) — r] X — x) for all X e (^ — 1, ^) and C/q = on +00); but the solution U of with initial 
condition Uo satisfies U < u on [0, +00) x R and U{t, —00) = C{t), where C satisfies ({t) — /(C(i)) and 
C(0) = r/; since C(0 > for all t > 0, one concludes that liminfa-^-oo u{t, x) > for all t > 0. 
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Since F > is fixed and p > /'(O) — e, there exists then a time 21\er — ki£^x(^A) ^a;) such 
that, 

Vt > T;,,,,r, Vx G Mo(x) < uoivUt)) = o^e"^* < T e'^^'^")-^)*, (2.16) 

that is (1X71) . 

Let us now get the same type of estimates when A is not necessarily smaller than 6. 
Let Ug^Q be the function defined by: 

( e if X < -1, 

ILefli^) — { ~^ ^ if — 1 < X < 0, 
( if X > 

and denote by Uq the solution of the Cauchy problem (11. ip with initial condition n^g. It 
follows then from (12.151) that 

VT > L, Vx e M, u(T, x) > ue^^{x - y^{T+)), 

whence 

VT > Vt > 0, Vx G R, u{T + t,x)>u^{t,x-y^{T+)) (2.17) 
from the maximum principle. But, as recalled in Section [H there holds 

sup |ug(t, x) — (^c'^x — c*t — mg{t))\ ^0 as t — > +oo, 

where mg(t) = o(t) as t ^ +oo. In particular, given X > 9, there exists a time Tx (which 
also depends on 9 and thus on e, but which does not depends on T) such that Us{Tx, x) > A 
for all X < 0. Therefore, 

VT > Vx < y^(T+), M(T + rA,x)>A 

from (I2.17p . As a consequence, for all t > max(t^ + Tx,tx) and for all x G Ex{t), one has 
X > Vujiit - 7a)+), whence 

Uo{x) < UoiyMt-Tx^) = cue-^(*-^^) < Le-^/'W"^)* (2.18) 

for t > TxeVy where T^er ^ [ma.x(i^ + Tx,tx), +oo) is large enough. This provides the 
claim ([22D'. ' ' ' ^ 

Estimates (EBl), fl216D and (EUl) yield ffLTTD with Tx,s,^,r = max{Tx,e,'y,T^^^j^). That 
completes the proof of Theorem 11.11 □ 

Let us now turn to the proof of the more precise estimates of the location of the level 
sets of u under the additional assumptions on uq and / made in Theorem II. 4[ 

Proof of Theorem 11.41 Let all assumptions of Theorem 11.11 be fulfilled. Now, assume 
additionally that uq is convex in a neighborhood of +oo, that is 

Uq{x) > for large x. 



14 



We shall derive more precise lower bounds for min Ex{t) at large time. Indeed, it follows 
from the arguments of the proof of part c) of Theorem 11.11 and from fl2.13l) that one can 
choose p = /'(O), ^2 > ^0 such that 

\uo{x)\ < J,}^^^^., X Uo{x) for all x G [^2, +00) 
2[l + 0) 

and B = max(s|f'^, 2M/ (/'(0)5)), in such a way that the function u defined by (12.101) with 
P = /'(O) is still a subsolution of fll.ll) . The last part of the proof then implies that, for 
every A G (0, 1), there exist a time T;^ > tx and a positive real number Fx such that 

EA(t)c«oi{(0,r,e-^'W*]} (2.19) 

for all t > 7^^. Furthermore, it follows from (12.161) with p = f'{0) that the real numbers Tx 
can be chosen independently of A when A is small (under the notations of the proof of 
Theorem II. H one can choose Tx = uj ioi X < 6). 

Similarly, the same conclusion holds if there exists (3 > such that 

Uq{x) = 0{uo{xY^'^) as X ^ +00, 

that is there exist > ^0 and M' > such that \uq{x)\ < M' uo{xY^^ in [^q, +00). Indeed, 
one can choose P' = min(/5, 6), p = /'(O), ^2 > ^0 such that 

f'(O)0' 

\uoi^)\ < 2\i + p') ''o(^) ""^^ ^ [^2, +00) 

and B = max(s^^', 2(M + /'(0)M')/(/'(0)/5')). Thus, the function u defined by flCTj) with 
p = /'(O) and /?' instead of 6 is still a subsolution of (11.11) : to check this point, one can 
first observe that (I2.12p still holds with f3' instead of S, from (12. lip and since < (3' < 6. 
Then, in (I2.13p . one can bound the term —u'^{x) e''* by 

|<(x)e''*| <M'Mo(a;)i+^'e^(i+^')*, 

whence u^{t,x) — u^^{t,x) — f{u{t,x)) < provided that uit,x) > 0. Eventually, the 
estimates (12.191) hold and the real numbers Tx can be chosen independently of A when A 
is small. 

Lastly, consider the case when /(s) < f'{0)s — ps^^^ on [0, 1] and 

\ul{x)\ < M'uo{xy+^ < M'uoixy^" in [Co,+oo) 

for some p > 0, P > u > 0, M' > and > ,^o- We shall derive upper bounds for 
the quantities m.?LxEx{t) for large t which are more precise than the corresponding ones 
in ffTTT]) or (frT2D . Set p = /'(O), choose ^1 > such that 

M'uo{^ir<p, 
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and define u in [0, +00) x [^1, +00) as in (12. 2p . that is 

. f uojx) e^* \ 
u{t, X) = mm — — , 1 . 

V Wo(6) / 

As in the proof of Theorem 11.11 in order to check that u is a supersolution of fll.ll) in 

[0, +00) X [^1, +00), it remains to prove that Ut{t,x) —Uxx(t,x) — f{u{t,x)) > as soon as 
u{t,x) < 1. For such a (t,x) G [0, +00) x [^1, +00) with u{t,x) < 1, there holds 

Ut{t,x)-UxAt.x)-f{uit,x)) > - + ^ °^ 



> 



due to the choice of ^1. Therefore, formulas (12.31) . (12.41) and (12. 5p hold with p = /'(O). In 
particular, (12. 5p says that, for any A G (0, 1), t >t\ and y G Exit), 



uoiy) > min(?7, AMo(6)e' 



-/'{o)ti 



where r] = inf(_oo,gi) uq > 0. Thus, for every A G (0, 1), there exists a time Tx > tx such 
that 

Vt > Tx, Vy G Exit), Uoiy) > cAe'^'^")*, 

where c = Mo(^i) > does not depend on A. This means (11.161) and the proof of Theo- 
rem [T3] is complete. □ 

Proof of Corollary 11.21 Let ^ : [0, +00) — M be any locally bounded function. From 
elementary arguments, it is straightforward to check that there exists a function g : 
[0, +00) M such that g is of class on [0, +oo)\E, where E is at most countable, and 
such that 

' git) > ^(2t) for all t > 0, 
g'it) > for all t > 0, 
g'it) +00 as t — s> +00, 
^ g"it) = Oig'it)^) as t ^ +00 in [0, +oo)\E. 

Then, there exists a function mq • ~* (Oj 1) such that u'q is bounded and negative 
on M and 

u^ix) = e-/'(o)9-H^) for all x > giO) + 1, 

where g^^ : [^'(O), +00) [0, +00) denotes the reciprocal of the function g. In particular, 
the function uq satisfies (II. 3p and (ll.4p since 

= , \ ,, ^0 as a; ^ +00. 

uoix) g'ig ^ix)) 
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Furthermore, 



Let 93 be a nonnegative C°°(]R) function whose support is included in [—1,1] and whose 
integral over M is equal to 1. Define uq = ip *uo{- — 1), that is 

uo{x) = / (f{y) uo{x -l~y)dy 

for all X G M. The function uq is of class C°°, it ranges in (0,1), it is decreasing with 
bounded derivative Mq, and it satisfies (11.31) . (II. 4p and Uq{x) = o{uo{x)) as x ^ +00. 
Furthermore, Uo{x) > Uo{x) for all x G M. 

Let now u be the solution of Cauchy with such an initial condition uq, and let us prove 
that u satisfies the conclusion of Corollary II. 2[ Fix any real number A G (0,1). For all 
t > tx, the level set E\(t) is a singleton {xx{t)} (remember that uq is decreasing and u(t, ■) 
is also decreasing for every t > 0). It follows from Theorem 11.11 (and estimates (I1.12p 
applied with 7 = F = 1) that, for any e G (0, /'(0)/2), there exists a time Tx^e > such 
that 

„^-l(e-(/'{0)-e)i) < < ^^_i^^_(/'(o)+.)t) 

for all t > Tx,£. Observe that Mq ^(e"^'^''-'^-*"^-'*) > UQ^{e~^'f''-^^~^^^). Therefore, one concludes 
that, for large t, 

mmExit) = xxit) > g (^L^jl^t^ - ^ {l) - ^^^^ 
and the proof of Corollary 11.21 is complete. □ 



3 Uniform flatness at large time 

This section is devoted to the proof of Theorem 11.51 Under the assumptions of this theo- 
rem, we will actually prove (ll.lSp . which implies the fiatness property (11.170 . since u stays 
bounded. The idea consists in using the special structure of the equation satisfied by the 
function Ux/u and in deriving some integral estimates which force this function to converge 
uniformly to as t +cx3. 

Proof of Theorem Set 

v{t, x) = ' / for all t > and x G M. 
u{t, X) 

We recall that Mq > in M and m > in (0, +00) xM from the strong maximum principle. In 
Theorem 1 1.5 1 the function v{0, ■) is assumed to be continuous, in L°°(M) fl Lp(M) fl C^'^(M) 
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(for some 1 < p < +00 and < 6 < 1). In particular, v{0,x) — as x ^ ±00. A direct 
computation shows that v satisfies 

vt = v^^ + 2vv,+ (^f'{u)-^^v, t>0, xeR. (3.1) 

Since f'{s) < f{s)/s for all s G (0,1), the maximum principle implies that t ^ 
11^(^5 ■) ||l°°(k) is nonincreasing, and even that 

t ^— ^ M^{t) := sup v{t,x)^ is nonincreasing, 

_ (3.2) 
t^M (t) := inf {—v{t,x) ) is nondecreasing, 

where v(t, x)~^ = max(t>(t, x), 0) and v~{t, x) = max(— f (t, x), 0). 

Let us now check that v{t, x) — as x — ±00 for all t > 0. Choose an arbitrary e > 0. 
Define a = 2 \\v{0, OIU-W- Let C > be such that e + Ce""^ > v{0,x) for all x G M, and 
set 

t;(t,x) =e + Ce-"("-2°*) 
for all (t, x) G [0, +00) x R. Denote 

b{t, x) = 2v{t, x) and c(t, x) = f'{u{t, x)) - ^^'^j^^'^^^ < 

for all t > and x G M. There holds v{0, x) > f (0, x) for all x G M, and 

vt - tJxx - b{t, x) - c{t, x)v = C{a'^ + b{t, x)a)e~''('^"^"*) - c(t, x)v{t, x) > 

in [0, +00) X R, since c < 0, > and ||6(t, ■) ||l°c(r) < a for all t > 0. The maximum 
principle yields v <v in [0, +00) x R, whence 

limsup v{t,x) < e for all t > 0. 

x— >+oo 

Similarly, one can prove that liminf^j^+oo f (t, x) > —e and limsup2,^_Qo |f (t, x)| < e for 
alH > 0. Furthermore, it follows from the choice of comparison functions that the limits 
are locally uniform in t > 0. In other words, v{t,x) — > as x ±00 locally uniformly 
with respect to the variable t > 0. 

Choose now an odd integer q such that p—1 < q. Notice that f (0, ■) G L^+^(R). Let us 
check that v(t, ■) G L''+-'-(R) and \\v(t, ■)IIl'?+i(r) < \\v{0, ■)||l9+i(r) for all t > 0. Fix a time 
t > 0. For all R> 0, multiply (13. ip by v'^{t, x) and integrate by parts over [0, t] x [—R, R]. 
It follows that 

R i-t 

(t;'?+^(t,x) -t;''+^(0,x))rfx = / {v^^{s,R)v\s,R) - v,,{s,-R)v''{s,-R))ds 



q + l 



R JO 



~q I vl{s,x)v'^ ^{s,x)dsdx 

'[0,t]x[-R,R] 

[\v'^+\s,R)-v'^+\s,-R))ds 
Jo 

c(s, x) v'^^^{s, x) ds dx. 



q + 2 

r 

[Q,t]x[~R,R] 
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Since c < and g ± 1 are even, one gets that 

1 /■* 

/ iv'^+^it.x) -v''+^{Q,x))dx < {vJs,R)vns,R)-vJs,-R)vHs,-R))ds 

q + ^J-R Jo 

+^ [\^'^'('^ - -^)) ds. 

9 + ^ Jo 

Since Vx is bounded in [0,t] x M and v{s,x) — >• as a; ^ ±oo uniformly in s G [0,t], the 
right-hand side of the previous inequahty converges to as i? — > +oo. As a consequence, 

v{t,-) e L^+H^) and ||t;(t,-)||L.+i(R) < ||t;(0, •) ||l.+i(m). 

In order to conclude that \\v{t, ■)\\ioo(j^^ — > as t ^ +oo, one just needs to prove that 
M^{t) ^ as t ^ +00, where M±(t) are defined in (Q- We just do it for M+{t), the 
case of M~{t) being similar. Remember that 1 1— M~^{t) is nonincreasing and nonnegative. 
Assume ab absurdo that M~^{t) — * m > as t — > +oo. Then, there exists a sequence 
{tn, Xn)nGN in [0, +oo) X M such that tn +00 and f (t„, x„) — > m as n ^ +00. Define 

Vnit, x) = v{t + t„, X + Xn) and c„(t, a;) = c{t + x + x„) 

for all n G N and {t,x) G [— 1„, +c)o) x R. Remember that the sequences (f„) and (c„) are 
globally bounded, and that c„ < in [— 1„, +00) x R for all n G N. Up to extraction of a 
subsequence, one can assume that c„ ^ Cqo < in ^ weak-* as n — >■ +oc. From 

standard parabolic estimates, one can assume, up to extraction of another subsequence, 
that Vn Voo in all W^^f (R x M) with respect to t and Wf^l{R x R) with respect to x, for 
all 1 < p < +00, where Voo is a bounded solution of 

and maxKxRt'oo = "^00(0,0) = m > 0. Since Cqo < 0, one concludes from the strong 
maximum principle that foo(t, x) = m for all (t, x) G (— cxd,0] x R. But since f„ Voo 
(at least) locally uniformly in R x R as n ^ +00, it follows that ||w(tn, OIU'+Hi^) ~ 
||'f^n(0, OIU'+HiK) ~^ "l"^ as n ^ +00, which leads to a contradiction. 

As a conclusion, ||t>(t, ■)||2,oo(i5) — * as t ^ +00. Since u is globally bounded, this 
implies that OIU""^ — > as t — > +00 and the proof of Theorem 11.51 is complete. □ 



References 

[1] D.G. Aronson, H.F. Weinberger, Multidimensional nonlinear diffusions arising in population ge- 
netics, Adv. Math. 30 (1978), 33-76. 

[2] M. Bages, P. Martinez, J.-M. Roquejoffrc, Dynamique en temps grand pour une classe d'equations 
de type KPP en milieu periodique, C.R. Acad. Paris Ser. I 346 (2008), 1051-1056. 

[3] H. Berestycki, F. Hamel, Generalized travelling waves for reaction- diffusion equations, In: Per- 
spectives in Nonlinear Partial Differential Equations. In honor of H. Brezis, Amer. Math. Soc, 
Contemp. Math. 446, 2007, 101-123. 

[4] H. Berestycki, F. Hamel, On a general definition of transition waves and their properties, preprint. 



19 



[5] H. Berestycki, F. Hamcl, G. Nadin, Asymptotic spreading in heterogeneous diffusive media, 
J. Funct. Anal. 255 (2008), 2146-2189. 

[6] H. Bcrostycki, F. Hamcl, N. Nadiraslivili, The speed of propagation for KPP type problems. I - 
Periodic framework, J. Europ. Math. Soc. 7 (2005), 173-213. 

[7] H. Berestycki, F. Hamel, N. Nadirashvili, The speed of propagation for KPP type problems. II - 

General domains, J. Amer. Math. Soc, to appear. 

[8] H. Berestycki, B. Larrouturou, J.-M. Roquejoffre, Stability of traveling fronts in a curved flame 
model, Part I: Linear analysis, Arch. Ration. Mech. Anal. 117 (1992), 97-117. 

[9] M.R. Booty, R. Haberman, A. A. Minzoni, The accomodation of traveling waves of Fisher's to the 
dynamics of the leading tail, SIAM J. Appl. Math. 53 (1993), 1009-1025. 

[10] M. Bramson, Convergence of solutions of the Kolmogorov equation to travelling waves. Memoirs 
Amer. Math. Soc. 44, 1983. 

[11] X. Cabre, J.-M. Roquejoffre, Propagation de fronts dans les equations de Fisher-KPP avec diffu- 
sion fractionnaire, preprint. 

[12] P. Constantin, A. Kiselev, A. Oberman, L. Ryzhik, Bulk burning rate in passive-reactive diffusion. 
Arch. Ration. Mech. Anal. 154 (2000), 53-91. 

[13] U. Ebert, W. van Saarloos, Front propagation into unstable states: universal algebraic convergence 
towards uniformly translating pulled fronts, Physica D 146 (2000), 1-99. 

[14] P.C. Fife, J.B. McLeod, The approach of solutions of non-linear diffusion equations to traveling 
front solutions. Arch. Ration. Mech. Anal. 65 (1977), 335-361. 

[15] R.A. Fisher, The advance of advantageous genes, Ann. Eugenics 7 (1937), 335-369. 

[16] F. Hamcl, G. Nadin, Large-time KPP spreading speeds with exponentially oscillating initial data, 
preprint. 

[17] F. Hamel, L. Roques, Uniqueness and stability properties of mono stable pulsating fronts, preprint. 

[18] F. Hamel, Y. Sire, Spreading speeds for some reaction- diffusion equations with general initial 
conditions, preprint. 

[19] J. Huang, W. Shen, Speeds of spread and propagation for KPP models in time almost and space 

periodic media, preprint. 

[20] Y. Kametaka, On the nonlinear diffusion equation of Kolmogorov-Petrovski-Piskunov type, Osaka 
J. Math. 13 (1976), 11-66. 

[21] Ya.I. Kanel', Stabilization of solution of the Cauchy problem for equations encountred in combus- 
tion theory. Mat. Sbornik 59 (1962), 245-288. 

[22] Ya.I. Kanel', On the stability of solutions of the equations of combustion theory for finite initial 
functions. Mat. Sbornik 65 (1964), 398-413. 

[23] A.L. Kay, J. A. Sherratt, J.B. McLeod, Comparison theorems and variable speed waves for a scalar 
reaction- diffusion equation, Proc. Royal Soc. Edinburgh 131 A (2001), 1133-1161. 

[24] A. Kiselev, L. Ryzhik, Enhancement of the traveling front speeds in reaction- diffusion equations 
with advection, Ann. Inst. H. Poincare, Analyse Non Lin. 18 (2001), 309-358. 



20 



[25] A.N. Kolmogorov, I.G. Petrovsky, N.S. Piskunov, Etude de I'equation de la diffusion avec crois- 
sance de la quantite de matiere et son application d un probleme biologique, Bull. Univ. Etat 
Moscou, Ser. Inter. A 1 (1937), 1-26. 

[26] D.A. Larson, Transient bounds and time- asymptotic behavior of solutions to nonlinear equations 
of Fisher type, SIAM J. Appl. Math. 34 (1978), 93-103. 

[27] K.-S. Lau, On the nonlinear diffusion equation of Kolmogorov, Petrovsky, and Piscounov, J. Diff. 
Eq. 59 (1985), 44-70. 

[28] CD. Levermore, J.X. Xin, Multidimensional stability of traveling waves in a bistable reaction- 
diffusion equation, II, Comm. Part. Diff. Eq. 17 (1992), 1901-1924. 

[29] X. Liang, Y. Yi, X.-Q. Zhao, Spreading speeds and traveling waves for periodic evolution systems, 
J. Diff. Eq. 231 (2006), 57-77. 

[30] J.-F. Mallordy, J.-M. RoqucjofTre, A parabolic equation of the KPP type in higher dimensions, 
SIAM J. Math. Anal. 26 (1995), 1-20. 

[31] H. Matano, M. Nara, M. Taniguchi, Stability of planar waves in the Allen-Cahn equation. Comm. 
Part. Diff. Eq., to appear. 

[32] H.P. McKean, Application of Brownian motion to the equation of Kolmogorov-Petrovskii- 
Piskunov, Comm. Pure Appl. Math. 28 (1975), 323-331. 

[33] A. Mellet, J. Nolen, J.-M. Roquejoffre, L. Ryzhik, Stability of generalized transition fronts, Comm. 
Part. Diff. Eq., to appear. 

[34] D.J. Needham, A.N. Barnes, Reaction- diffusion and phase waves occuring in a class of scalar 
reaction- diffusion equations, Nonlinearity 12 (1999), 41-58. 

[35] J. Nolen, M. Rudd, J. Xin, Existence of KPP fronts in spatially-temporally periodic advection and 
variational principle for propagation speeds, Dyn. Part. Diff. Eq. 2 (2005), 1-24. 

[36] J.-M. Roquejoffre, Stability of traveling fronts in a curved flame model, Part II : Non-linear orbital 
stability. Arch. Ration. Mech. Anal. 117 (1992), 119-153. 

[37] J.-M. Roquejoffre, Eventual monotonicity and convergence to travelling fronts for the solutions of 
parabolic equations in cylinders, Ann. Inst. H. Poincare, Anal. Non Lineaire 14 (1997), 499-552. 

[38] F. Rothc, Convergence to travelling fronts in semilinear parabolic equations, Proc. Royal Soc. 
Edinburgh 80 A (1978), 213-234. 

[39] J. A. Sherratt, B.P. Marchant, Algebraic decay and variable speeds in wavefront solutions of a 
scalar reaction- diffusion equation, IMA J. Appl. Math. 56 (1996), 289-302. 

[40] K. Uchiyama, The behaviour of solutions of some semilinear diffusion equation for large time, J. 
Math. Kyoto Univ. 18 (1978), 453-508. 

[41] H.F. Weinberger, On spreading speeds and traveling waves for growth and migration in periodic 
habitat, J. Math. Biol. 45 (2002), 511-548. 

[42] X. Xin, Existence and stability of travelling waves in periodic media governed by a bistable non- 
linearity, J. Dyn. Diff. Eq. 3 (1991), 541-573. 

[43] J.X. Xin, Analysis and modeling of front propagation in heterogeneous media, SIAM Review 42 
(2000), 161-230. 



21 



[44] A. Zlatos, Sharp transition between extinction and propagation of reaction, J. Amer. Math. Soc. 
19 (2005), 251-263. 

[45] A. Zlatos, Quenching and propagation of combustion without ignition temperature cutoff, Nonlin- 
earity 18 (2005), 1463-1475. 



22 



